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Abstract. From a suitable large cardinal hypothesis, we provide a model with a 
supercompact cardinal in which universal indestructibility holds: every supercom¬ 
pact and partially supercompact cardinal k is fully indestructible by <K-directed 
closed forcing. Such a state of affairs is impossible with two supercompact cardi¬ 
nals or even with a cardinal which is supercompact beyond a measurable cardinal. 

Laver’s intriguing preparation [Lav78] makes any supercompact cardinal k indestruc¬ 
tible by <At-directed closed forcing. In his model, however, cardinals which are only 
partially supercompact are not generally indestructible; indeed, almost all of them 
are highly destructible. But this needn’t be so. We aim in this paper to provide 
a model of a supercompact cardinal with universal indestructibility, one in which 
every supercompact and partially supercompact cardinal 7 is fully indestructible by 
<7-directed closed forcing. 

Main Theorem. If there is a high-jump cardinal, then there is a transitive model 
with a supercompact cardinal in which universal indestructibility holds. 

The high jump cardinals, dehned below, have a consistency strength above a 
supercompact cardinal and below an almost huge cardinal. Modihed versions of 
the Main Theorem will provide a model of a strongly compact cardinal in which 
universal indestructibility holds for strong compactness and a model of a strong 
cardinal in which universal indestructibility holds for strongness. Let us begin by 
proving that the Laver preparation itself does not achieve universal indestructibility. 

*Our research has been supported in part by PSC-CUNY grants and by a Col¬ 
laborative Incentive Grant from the CUNY Research Foundation. 
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Observation 1 . After the Laver preparation, above the first non-trivial stage of 
forcing every partially supercompact non-supercompact cardinal is destructible. 

Proof: In fact we will show that even the measnrability of snch cardinals is de- 
strnctible. Please recall that the Laver preparation of n is dehned relative to the 
Laver function £: k ^ 14 , dehned indnctively so that if 7 is a measnrable cardinal 
and f " 7 L 14 then £(7) is some x chosen with respect to some hxed well-ordering 
of 14 snch that for a minimal A the set x has least rank snch that there is no A- 
snpercompact embedding j : V ^ M with critical point 7 snch that j{i \ 7) (7) = x, 
if snch an x exists. The Laver preparation of k is the reverse Easton K-iteration 
which at stage 7 forces with £(7), provided that this is the P-^-name of a <7-directed 
closed poset. Laver [Lav78] proved that this forcing makes the snpercompactness of 
K indestrnctible by <K-directed closed forcing. In fact, every snpercompact cardinal 
7 < K becomes indestrnctible by <7-directed closed forcing. In particnlar, all the 
snpercompact cardinals of the gronnd model are preserved to the extenstion. 

In [Ham98b] and [Hamcx)a] the second anthor of this paper dehned that a forcing 
notion admits a gap at S when it factors as Pi * P2 where |Pi| <6 and II-P2 is < 6 - 
strategically closed. It is easy to see, for example, that the Laver preparation admits 
a gap between any two stages of forcing. The Gap Forcing Theorem of [Hamcx)a] 
shows that after forcing V[G\ which admits a gap at some 5 < 7, any embedding 
j : V[G] M[j{G)] with critical point 7 snch that M[j{G)]^ L M[j{G)] in V[G] 
is the lift of an embedding in the gronnd model. Since all nltrapower embeddings 
and most strongness extender embeddings have this small degree of closnre, the 
theorem shows that no forcing which admits a gap below 7 can increase the degree 
of snpercompactness, the degree of strong compactness, and (except possibly for 
singnlar limit ordinals) the degree of strongness of 7. 

Snppose now that 7 is a partially snpercompact bnt not snpercompact cardinal 
in G[(j], and that 7 is above the hrst nontrivial stage of forcing in the preparation. 
We claim that 7 is destrnctible in V[G]. Since all the snpercompact cardinals in V 
were preserved to V[G] there mnst be some A snch that 7 is not A-snpercompact in 
V. Let g L coll(7. A) be 4 [(j]-generic for the forcing to collapse A to 7. If 7 remains 
measnrable after this forcing, then since 7 and A now have the same cardinality, 7 is 
also A-snpercompact in V[G] [g]. Since the combined forcing also admits a gap below 
7, it follows by the Gap Forcing Theorem of [Hamcx)a] that 7 is A-snpercompact in 
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V, a contradiction. Thns, the measnrability of 7 mnst have been destroyed by g, as 

claimed. □ Observation 

What the proof really shows is that after gap forcing, if a measnrable cardinal 
is indestrnctible, it mnst have been snpercompact in the gronnd model. (Indeed, 
this is exactly Corollary 5.4 of [Hamcx)b]). In particnlar, if we obtain nniversal 
indestrnctibility by gap forcing, all measnrable cardinals in the extension began as 
snpercompact cardinals in the gronnd model. So, since any kind of forcing which 
resembles the Laver preparation will admit a lot of gaps, we are pnshed to make a 
stronger large cardinal assnmption in the gronnd model. 

We will therefore assnme the existence of a high-jnmp cardinal. Snch cardinals 
were nsed implicitly in [Ham98b]. A cardinal k is a high-jump cardinal when there 
is an embedding j : V ^ M with critical point k snch that for some 6 we have 
c M and J(/)(/«) < 6 for every fnnction f : k ^ k. The next two lemmas give 
some rongh bonnds on the consistency strength of a high-jnmp cardinal. 

Lemma 2. If k is almost huge, then k is the high-jump cardinal. 

Proof: Let j : P —M be an almost hnge embedding, so that cp(j) = k and 
c M. It is easy to see that j{K) mnst be inaccessible in V, and conseqnently 
the set { i(/)(«:) | / : k —k } is bonnded by some 6 < j ^ n ). Factor the diagram as: 

1 / 



where jo '■ V ^ Mq is the indnced 6*-snpercompact embedding obtained by nsing 
j " 6* as a seed. That is, jo is the nltrapower by the measnre fr = {X\j"9€ j{X) } 
and k is the inverse of the collapse of {i(/)(i " 9) \ f & V}. Since io(/)(^) < 
/c(jo(/)(«:)) = i(/)(K) < 9, the embedding jo witnesses that k is a high-jnmp 
cardinal in V. Since the measnre p exists also in M, it follows that k is a high-jnmp 
cardinal in M, and conseqnently the normal measnre indnced by j concentrates on 
high-jnmp cardinals. □ Lemma 
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Lemma 3. If n, is a high-jump cardinal, then has a proper class of supercompact 

cardinals. 

Proof: Suppose that k is a high-jump cardinal with witnessing embedding j : V ^ 
M. Since 0 = sup{ j(/)(K) | / : k —k} is a strong limit cardinal, it follows by the 
6*-closure of M that k is < 0 -supercompact in M. Since by the high-jump property 
the failure of the degree of super compactness of k cannot jump over 9, it follows 
from this that k is actually <j(K)-supercompact in M. So by reflection k must be a 
limit of cardinals which are <K-supercompact in V. In particular, 14 has a proper 
class of supercompact cardinals. □ Lemma 

Essentially the same argument shows that in Vq there is a proper class of su¬ 
percompact cardinals, and k is the supercompact cardinal. Before proving the 
Main Theorem, we will need one more simple lemma: 

Lemma 4. If 7 < A and the X-supercompactness of 7 is destructible by some <7- 
directed closed forcing Q, then the X-supercompactness of 7 is destructible by some 
<j-directed closed forcing Q' (of perhaps slightly larger cardinality) which leaves no 
measurable cardinals in the interval (A, |Q^|]. 

Proof: If Q is inadequate, simply let = Q * coll(( 2 ^^ )+, |Q|). The collapsing 
poset cannot revive the A-supercompactness of 7, and certainly ensures that there 
are no measurable cardinals between A and |Q^|. Note that if Q is inadequate, then 

2^ < |Q|, and so |Q^| is at most |Q|“^ . nLemma 

We are now ready to prove the main theorem: 

Universal Indestructibility Theorem 5. If there is a high-jump cardinal, then 
there is a transitive model of ZFC with a supercompact cardinal in which universal 
indestructibility holds; every supercompact or partially supercompact cardinal S is 
fully indestructible by < 5 -directed closed forcing. 

Proof: The proof proceeds in a trial by hre. Specihcally, assuming k is a high- 
jump cardinal in V, we will perform a certain reverse Easton forcing iteration P 
of length less than n in which at each stage 7 we aim to destroy as much of the 
supercompactness of 7 as is possible with <7-directed closed forcing. The idea is that 
any supercompact or partially supercompact cardinal which survives this ordeal is 
ipso facto indestructible. The large cardinal hypothesis will guarantee that in fact 
something does survive and the iteration does not simply destroy everything. 

Let’s begin the construction. In the usual reverse Easton manner, we will take 
direct limits at the inaccessible stages and inverse limits otherwise; what remains is 
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to describe the forcing which occurs at each stage 7. Suppose inductively that 
the iteration is dehned up to stage 7. In the special case that some condition in 
forces that 7 is <h-supercompact in where S is the next measurable cardinal 

above 7 in V[G^]^ and moreover the < 5 -supercompactness of 7 is indestructible 
over by <7-directed closed forcing of rank less than k, then we stop the 

construction, declare success and, forcing below this condition, give ¥^[ 0 ^] as our 
hnal desired model. Otherwise, we continue the iteration. In this case, there is 
some minimal rj < 5 such that the ?7-supercompactness of 7 is destroyed by some 
<7-directed closed Q of rank below By the previous lemma, there are always 
such posets Q which leave no measurable cardinals in the interval (ry, |Q|], and we 
may assume that Q has the least possible rank below k. In particular, if 7 is not 
measurable in then Q is trivial. By the Axiom of Choice, using for example 

a hxed well-ordering of let Q.y be a name for some such forcing. Thus, the 
stage 7 forcing Q.y destroys as much of the supercompactness of 7 as is possible 
to destroy with the kind of forcing in which we are interested. Furthermore, since 
nontrivial forcing occurs only at measurable cardinal stages, the next nontrivial 
stage of forcing will he beyond both ry and , and consequently none of the later 
stages of forcing will ever revive the ry-supercompactness of 7. 

The trial-by-hre observation is simply that after the stage 7 forcing, any degree 
of supercompactness of 7 which survives must in fact be indestructible, for by the 
minimality of ry if we could have destroyed more supercompactness we would have. 
Let’s explain this in detail. Suppose 7 is A-supercompact in V[G^j^i]. Necessarily, 
X < rj. Furthermore, no <7-directed closed forcing in V[G^j^i\ can destroy the 
A-supercompactness of 7, for then the forcing * Q would have destroyed the A- 
supercompactness of 7 over V[G^], contradicting the minimality of rj. In particular, 
the A-supercompactness of 7 is preserved by the tail forcing which leads to 
any of the later models V[Gp\ for (3 < k. Furthermore, since the next nontrivial 
stage of forcing after 7 is beyond ry and Q^y , the ry-supercompactness of 7 is never 
restored by the later stages of forcing. Consequently, in all the later models V[Gp\ 
for P < K, the partial supercompactness of 7 is fully indestructible by <7-directed 
closed forcing of rank less than k. 

We therefore claim that if we ever stop the construction and declare success, then 
we have in fact succeeded. Suppose we stop the construction and declare success at 
stage 7 < K, jumping into the resulting model VpGp\. Since we declared success, it 
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must be that in this model 7 is an indestructible supercompact cardinal, and there 
are no measurable cardinals above 7. And the trial-by-£re observation shows that 
any partially supercompact cardinal 7 below 7 becomes indestructible at stage 7 
and remains so in all the later models, including Notice that indestructibility 

by posets of rank less than k becomes full indestructibility in V5 [^^7] because d < k. 
Thus, is a model of a supercompact cardinal with universal indestructibility, 

as we desired. 

To complete the proof, then, it suffices for us to show that indeed at some 
stage before k we stop the construction and declare success. Suppose towards a 
contradiction that we do not, and that G* k P = is T^-generic for the K-iteration, 
in which at every stage 'y < k we saw need to continue the iteration. Let j :V ^ M 
be an embedding which witnesses that k is high-jump supercompact. Thus, for some 
9 we have 7 M and j{f){n) < 9 for every function f : n ^ k in V. We may 
factor the forcing as j(P) = P * Q * Ffaii where Q is (a name for) the stage k 
forcing in M and is (a name for) the subsequent forcing up to j{K). Certainly 
G 7 p = j(P)^ is M-generic for the iteration up to stage k on the M-side. For 
some minimal 7 below the next measurable cardinal 5 above n in M[G], therefore, 
the forcing Q has minimal rank below j{K) such that the ry-supercompactness of 
K is destroyed over M[G] and Q leaves no measurable cardinals in the interval 
(ry, |Q|]. Since ry, 6 and the rank of Q are easily dehned from /t, one can easily hnd 
functions / so that they are less than j(/)(K). Thus, by the high-jump property 
of K, they are all also less than 9 . And since M and V agree up to 0 , it follows 
that Q destroys the ry-supercompactness of k over V[G] as well. Let g ^ Q he 
C[G]-generic. By further forcing to add G^aii L Ffaii over 1^[G][(7] we can lift the 
embedding to j : V[G] M[j{G)] where j(G) = G * g * Gfaii- Next, we find a 
master condition below j " g, force below it to add j{g) 7 i(Q) generically over 
V[G][g][Gtaii\j and lift the embedding to j : 1^[G][5'] — M[j{G)][j{g)]. Let g be the 
V[G] [(yj-measure on P^?y germinated by the seed j " ?y, so that X e g ^ j " g e j(X). 
Since the tail forcing Ftaii * i(Q) is <Gclosed over M[G][g], it is also <h-closed over 
V^[G][(7], and consequently could not have added the measure g. Thus, g must lie 
in 1^[G][5'], contradicting the assumption that Q destroyed the ?y-supercompactness 

of K. □ Theorem 

The trial-by-hre idea is easily modihed to yield the following theorems. 
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Universal Indestructibility Theorem 6. If there is a high-jump cardinal, then 
there is a transitive model with a supercompact cardinal in which every supercom¬ 
pact, partially supercompact, measurable, Ramsey and weakly compact cardinal 7 
is fully indestructible by <y-directed closed forcing. 

Proof: In this theorem, we aim at every stage 7 hrst to destroy the weak com¬ 
pactness of 7 if possible, and if this is not possible, to destroy the Ramseyness 
of 7, and if this is not possible, to destroy the measnrability of 7 and if this is 
not possible, to destroy as mnch of the snpercompactness of 7 as possible. And 
we do so with posets Q which leave no additional weakly compact cardinals be¬ 
tween the failnre of the snpercompactnss of 7 and |Q|. The constrnction terminates 
when we hnd a cardinal 7 which in is indestrnctibly snpercompact np to 

the next weakly compact cardinal d, the resulting model being Vs[G^]. The pre¬ 
vious argument shows that the construction terminates before the least high-jump 
cardinal, and the trial-by-£re observation shows that every supercompact, partially 
supercompact, measurable, Ramsey and weakly compact cardinal in lA[G.y] is fully 
indestructible, as desired. □ Theorem 

Universal Indestructibility Theorem 7. If there is a high-jump cardinal, then 
there is a transitive model with a strongly compact cardinal in which every strongly 
compact, partially strongly compact, measurable, Ramsey and weakly compact car¬ 
dinal 7 is fully indestructible by <y-directed closed forcing. 

Proof: For this theorem, at stage 7 destroy the weak compactness of 7 if possible, 
and failing that, destroy the Ramseyness of 7, and so on, until in the end if we cannot 
destroy the measurability of 7 then we destroy as much of the strong compactness of 
7 as possible. We declare success when we find a cardinal 7 which is indestructibly 
strongly compact up to the next weakly compact cardinal S. As before, this happens 
before the least high-jump cardinal, and the trial-by-hre observation shows that the 
surviving cardinals are fully indestructible in the resulting model □Theorem 

Universal Indestructibility Theorem 8. If there is a high-jump cardinal, then 
there is a transitive model with a strong cardinal in which every strong, partially 
strong, measurable, Ramsey and weakly compact cardinal S is fully indestructible 
by <d-directed closed forcing. 

Proof: For this theorem, we aim at stage 7 hrst to destroy the weak compactness 
of 7, and failing that to destroy the Ramseyness of 7, and so on, until if we cannot 
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destroy the measurability of 7 then we destroy as much of the strongness of 7 as 
possible. Before the least high-jump cardinal, the construction will hnd a cardinal 
7 which in V^[G'.y] is indestructibly strong up to the next weakly compact cardinal 
S, and so the model Vs[G^] is as desired. □ Theorem 

The essence of these theorems lies in the trial by hre. The general procedure, 
given any list of large cardinal properties of the kind mentioned in these theorems, 
provided they are well-ordered in strength, is to perform a forcing iteration in which 
at every stage 7 we aim to destroy as much of the large cardinal strength of 7, with 
respect to our list of properties, as is possible. The trial-by-hre result is that in 
the hnal model, any cardinal having a property on the list will be indestructible, in 
virtue of having survived. With a suitable large cardinal in the ground model, one 
then argues that in fact some large cardinals have survived the trial, and a model 
of the desired sort of universal indestructibility is produced. 

Perhaps the hrst use of the trial-by-hre technique is the following theorem, 
proved by the second author in response to the questions of the hrst author in 
[Apt98] concerning the possibility of indestructible measurable limits of supercom¬ 
pact cardinals. 

Theorem 9 . (Hamkins) IfV is any model of ZFC, then there is a forcing extension 
V[G] such that 

1 . Every isolated supercompact cardinal of V remains supercompact in V [G] and 
becomes indestructible there. 

2 . No new supercompact cardinals are created; indeed, no cardinal has its degree 
of supercompactness increased from V to V[G]. 

3 . Every supercompact limit of supercompact cardinals in V remains strongly com¬ 
pact in V[G]. 

4 . Every measurable limit of supercompact cardinals in V[G] is fully indestructible. 

Proof: The proof proceeds by folding into the universal Laver preparation some ad¬ 
ditional forcing which destroys the measurability of the measurable limits of super¬ 
compacts, if possible. The result is that all supercompact cardinals in the extension 
are indestructible and—the essence of the trial by hre—any surviving measurable 
limit of supercompact cardinals is indestructible, in virtue of having survived. 

Let £ be the universal Laver (class) function dehned as in Observation 1 , assum¬ 
ing a class choice principle, which can be easily forced if necessary (see also Lemma 
1 of [Apt98]). Let P be the reverse Easton support class forcing iteration which hrst 
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adds a Cohen real (in order to introdnce a very low gap), and that at stage 7 forces 
with ^(7), provided that this is the P^-name of a <7-directed closed forcing notion. 
In the case that 7 happens to be in C a measnrable limit of snpercompact cardinals 
whose measnrability is destroyed by some <7-directed closed forcing Q in , then 
instead we perform some snch forcing of least possible rank, chosen by nsing the 
least name in V with respect to a hxed class well-ordering of V (and we do so with 
a poset Q which leaves no measnrable cardinals between 7 and |Q|). Snppose now 
that G 7 P is C-generic for this forcing. If 7 is a snpercompact cardinal in V, bnt 
not a limit of snpercompact cardinals, then the nsnal Laver argnment shows that 
7 becomes an indestrnctible snpercompact cardinal in V[G]^ so ( 1 ) holds. Since 
the forcing admits a very low gap, the Gap Forcing Theorem of [Hamcx)a] implies 
that ( 2 ) holds. The trial-by-hre observation shows that any measnrable limit k of 
snpercompact cardinals which snrvives to V[G] mnst in fact be indestrnctible there, 
or else we wonld have destroyed it at stage k, so ( 4 ) holds. What remains is to prove 
that nontrivial instances of this can actnally occnr, that is, that ( 3 ) holds. Snppose 
that K is a snpercompact limit of snpercompact cardinals in V. In order to show 
that K is strongly compact in G[G], it snfhces to show that k is measnrable there, 
since any measnrable limit of snpercompact cardinals is strongly compact [Men74] . If 
K is not measnrable in G[G], then by the closnre of the tail forcing, it mnst be that n 
is not measnrable in V[Gk+i]- Let j :V ^ M he n 0 -snpercompactness embedding, 
where 9 is mnch larger than the size of the term for the stage k forcing Q in V. 
Factor the forcing j(P«:) as P^ *Q*Ptoi7 where Q is a term for the stage k forcing in 
M. Since M and V agree np to 9 , the term Q exists in M and fnrthermore forcing 
with its interpretation Q destroys the measnrability of k over M[G]. Conseqnently, 
the rank of Q is no greater than that of Q, and is conseqnently less than 9 . Thns, 
over Id[G], the forcing Q destroys the measnrability of k. Snpposing that (7 7 Q is 
G[G]-generic, we conclnde that k is not measnrable in G[G][5']. Force now to add 
Gtaii L Flail generically over G[G][5'] and lift the embedding to j : V[G] M[j{G)] 
where j{G) = G * g * Giau- Now, hnd a master condition below j " g in j(Q) and 
force below it to add j{g) 7 j(Q) generically over V[G][g][Gtaii\- In the resnlting 
model, we may lift the embedding to j : G[G][(7] — M[j{G)][j{g)]. The indnced 
normal measnre cannot have been added by the forcing Fiau * j (Q), and so lies in 
G[G][(7]. Thns, K is measnrable there, contradicting onr earlier observation that it 
was not. So ( 3 ) holds. □ Theorem 
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While one might hope for universal indestructibility in the presence of several 
supercompact cardinals, the next theorem shows that this is simply inconsistent. 
Theorem 10 . If there are two supercompact cardinals, then universal indestruc¬ 
tibility fails for partial supercompactness. Indeed, if a cardinal k is -supercompact 
for some measurable cardinal X > k, then universal indestructibility fails for partial 
s up ercompactness. 

Proof: Suppose that every measurable cardinal below k is indestructible and for 
some measurable cardinal A above k the A’^-supercompactness of k is indestructible. 
By further forcing if necessary, we may assume that 2 ^ = A^ because the forcing 
to achieve this is <A-directed closed, and therefore preserves the measurability of 
A and the indestructibility of the measurable cardinals below A. Suppose now that 
the A+-supercompactness of k survives the forcing which adds a new Cohen subset 
A Q n. It is easy to see that the measurable cardinals below k remain indestructible 
in P[A]. Nevertheless, the Superdestruction Theorem of [Ham98a] shows that the 
measurability of A becomes superdestructible in V[A], and is destroyed by any 
further <A-closed forcing which adds a subset to A. Suppose now that j : V[A] ^ 
M[j{A)] witnesses the A+-supercompactness of k. Since V[A] and M[j{A)] agree 
up to A+ = 2 ^, they agree that the measurability of A is destroyed by the forcing 
Add(A, = Add(A, But by elementarity every measurable cardinal 

below j{K) is indestructible in M[j{A)], a contradiction. □ Theorem 

One might also hope to combine the various kinds of universal indestructibility, 
and have for example a model with a supercompact cardinal in which partial strong¬ 
ness is indestructible. But this also is inconsistent. Indeed, one cannot even have 
a cardinal which is strong beyond a measurable cardinal when partial strongness is 
universally indestructible. 

Theorem 11 . If a cardinal k is (A -|- 2 )-strong for some measurable cardinal X > k, 
then universal indestructibility fails for partial strongness. 

Proof: Suppose that k is {X -\- 2 )-strong, where A > k is measurable, and partial 
strongness is universally indestructible. Then after forcing to add a new Cohen 
subset A C K, there will be an embedding j : V[A\ M[j{A)] witnessing the 
(A -|- 2 )-strongness of n in P[A]. The cardinal A will be measurable in V[A\ and 
consequently also in M[j{A)]. By the Superdestruction Theorem of [Ham98a], how¬ 
ever, the measurability of A is destroyed over V[A] by any <A-closed forcing which 
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adds a subset to A. Since this will also be true over M[j{A)]^ by reflection it fol¬ 
lows that there are destructible measurable cardinals below k, contradicting the 

hypothesis. □ Theorem 

One can make a similar argument in the case of weak compactness: 

Theorem 12. If every weakly compact cardinal S below k is indestructible by 
Add( 5 , 1 ), then the (A -|- l)-stroiigness of k is destroyed by Add(^«, 1 ) where A is the 
next weakly compact cardinal above k. 

Proof: Since the weak compactness of A can be verified in VA-i-P fhe same argument 
as the previous theorem applies also in this case. The Superdestruction Theorem of 
[Ham98a] shows that after small forcing, even the weak compactness of A is destroyed 

by Add(A, 1 ). □ Theorem 

Let us now turn to the question of the consistency strength of universal inde¬ 
structibility. Since we proved that the constructions of the Universal Indestructibil¬ 
ity Theore m s terminate before the least high-jump cardinal, we naturally expect 
that the hypothesis can be reduced. One might naively hope to perform a Laver- 
like preparation and preserve any given supercompact cardinal while making the 
partial supercompact cardinals below fully indestructible. But as we mentioned just 
after the initial Observation, the theorem below from [Hamcx)b] shows that this is 
impossible. 

Theorem 13. (Hamkins) After forcing with a gap below k, if the measurability 
of K is indestructible, then k was supercompact in the ground model. 

Thus, if one hopes to obtain universal indestructibility by forcing with a gap, one 
must begin with many supercompact cardinals in the ground model. But what is 
the optimal hypothesis? 

Question 14. What is the consistency strength of a supercompact cardinal in the 
presence of universal indestructibilty? What about strongly compact cardinals and 
strong cardinals? 

Question 15. What is the consistency strength of an indestructible measurable 
cardinal? What about an indestructible Ramsey cardinal or an indestructible 
weakly compact cardinal? 

Let us conclude the paper by showing how a modified Laver preparation can 
ensure a weaker form of universal indestructibility beginning with just one super¬ 
compact cardinal. Specifically, we say that universal partial indestructibility holds 
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when any cardinal 7 which is A-snpercompact is indestrnctible by any <7-directed 
closed forcing of size at most A. A cardinal 7 is snpercompact up to a measnrable 
cardinal when it is <A-snpercompact for some measnrable cardinal A. It is easy to 
see that this implies that 7 is also <A-snpercompact. 

Partial Indestructibility Theorem 16. Suppose that k is supercompact and 
no cardinal is supercompact up to a measurable cardinal. Then there is a forcing 
extension in which k is an indestructible supercompact cardinal and universal partial 
indestructibility holds. 

Proof: We simply nse the trial-by-hre techniqne while restricting the size of the 
forcing notions we consider. Specihcally, let P be the reverse Easton K-iteration in 
which at stage 7 the forcing is chosen, with respect to a well-ordering of the 
names in I4, so as to destroy as mnch of the snpercompactness of 7 over V[G^] as 
is possible with |Q..y| < A.y where is least snch that 7 is not A.y-snpercompact in 
V[G.y\. If no snch forcing exists, then is trivial. In particnlar, nontrivial forcing 
occnrs only at measnrable cardinal stages. Snppose that G ^ P is P-generic for this 
forcing. 

The trial-by-hre observation in this case is that after the stage 7 forcing, any 
remaining snpercompactness of 7 is indestrnctible by <7-directed closed forcing of 
size less than A.y, since if we conld have destroyed more, we wonld have. And 
since the next nontrivial stage of forcing does not occnr nntil the next measnrable 
cardinal, which by assnmption is above A-y^, no amonnt of snpercompactness will 
be revived by the later stages of forcing. Thns, in all the later models, 7 will be 
partially indestrnctible. 

To hnish the proof, therefore, it snfRces to show that k becomes indestrnctibly 
snpercompact in V[G]. Snppose that some <K-directed closed forcing Q destroys 
the A-snpercompactness of k. Let 6 be mnch larger than A and |Q| and snppose 
that j : V ^ M is a 0 -snpercompact embedding in the gronnd model. Since the 
A-snpercompactness of k is destrnctible over V[G] by Q, this will also be trne in 
M[G]. Thns, the iteration factors as j{¥) = P * Q * where Q is a name for 
the stage k forcing chosen in M which destroys the A-snpercompactness of n (and 
possibly more) over M[G]. Since M[G] and V[G] agree np to 6*, it mnst be that 
Q also destroys the A-snpercompactness of k over V[G]. Force over V[G] to add 
g ^ Q and also Gtaii L Ffaii and lift the embedding to j : V[G] M[j{G)] where 
j{G) = G*g*Gtaii- Now, nsing the directed closnre of j(Q), hnd a master condition 
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below j " g and force below it to add j{g) c j(Q) generically over V[G][g][Gtaii\- 
In V[G][g][Gtaii\[j{g)], the embedding lifts to j : V[G\[g] M[j{G)][j{g)]. The 

indnced I^[(j] [^rj-measnre g dehned hy X € g ^ j " X € j{X) cannot have been 
added by the forcing Ftaii * i(Q), and so it mnst he in contradicting that 

Q was snpposed to destroy the A-snpercompactness of k. □ Theorem 
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